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Overview

In the lecture, we shall discuss limits and continuity for multivariable
functions.

The definition of the limit of a function of two or three variables is similar
to the definition of the limit of a function of a single variable but with a
crucial difference, as we now see in the lecture.
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If the values of f(x,y) lie arbitrarily close to a fixed real number L for all
points (x, y) sufficiently close to a point (xo, yo) we say that f approaches
the limit L as (x, y) approaches (xo, yo). This is similar to the informal
definition for the limit of a function of a single variable.

Notice, however, that if (xo, yp) lies in the interior of f's domain, (x, y)
can approach (xp, yo) from any direction. For the limit to exist, the same
limiting value must be obtained whatever direction of approach is taken.
We illustrate this issue in several examples following the definition.
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Definition 1 (Limit of a Function of Two Variables).

We say that a function f(x,y) approaches the limit L as (x,y) approaches
(x0, ¥0), and write

lim f(x,y)=1L
(,y)=(x0,¥0) bey)

if, for every number € > 0, there exists a corresponding number 6 > 0 such
that for all (x,y) in the domain of f,

If(x,y)—L| <e whenever 0 < \/x—xo +(y —y)? <.
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The definition of limit says that the distance between f(x,y) and L
becomes arbitrarily small whenever the distance from (x,y) to (xo, yo) is
made sufficiently small (but not 0).

The definition of limit applies to interior points (xp, yo) as well as
boundary points of the domain of f, although a boundary point need not
lie within the domain f. The points (x, y) that approach (xo, yo) are
always taken to be in the domain of f.
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In the limit definition, ¢ is the radius of a disk centered at (xo, y0).

For all points (x, y) within this disk, the function values f(x, y) lie inside
the corresponding interval (L — e, L + ¢).
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lllustration of Definition of Limit Through Figures

The following figure illustrates the definition of limit by means of an arrow
diagram. If any small interval (L — ¢, L+ ¢) is given around L, then we can
find a disk Ds with center (a, b) and radius § > 0 such that f maps all the
points in Ds [except possibly (a, b)] into the interval (L — e, L + ¢).

¥
x.y) -
D —_— ____h“"““x\
{a, b) ¥ \
0 x 0 L-g L L+e z

P. Sam Johnson Limits and Continuity in Higher Dimensions 7/104



lllustration of Definition of Limit Through Figures

Another illustration of the definition of limit is given in the following figure
where the surface S is the graph of f. If ¢ > 0 is given, we can find § > 0
such that if (x, y) is restricted to lie in the disk D5 and (x,y) # (a, b),

then the corresponding part of S lies between the horizontal planes
z=L—eandz=L—c.
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How to show mathematically that L is not the limit of

f(va) as (X7y) — (X07y0)?

It is enough to find a particular value for ¢ (there exists an ¢ > 0), such
that for any § > 0 with

O R R (1)

the image of some (x, y) satisfying (1) under f, that is, f(x,y), will not
lie in the interval

(L—e,L+¢).

This has been explained in the following example.
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How to show mathematically that L is not the limit of

f(x,y) as (x,y) = (x, y0)?

Example 2.

0 0
Letf(x,y):{ s .
1, xy=0.
{‘\=" S The limit of f as (x,y) approaches (0,0) does not
~a- >'|:_"/ P exist because of the following reason:

i ~ Fore =1, take any disc D centered at (0,0) with

o \\f a positive radius 0, the image of every point in the

| ~ disc D will be either 0 or 1. Note that the images of

some points in the disc D will not lie in the interval
(L—eL+e)=(1-31+1)=(3.3).
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For functions of a single variable, when we let x approach a, there are only
two possible directions of approach, from the left or from the right. We
know that if lim,_, - f(x) # lim,_,,+ f(x), then limy_,, f(x) does not
exist.

For functions of two variables the situation is not as simple because we
can let (x,y) approach (a, b) from an infinite number of directions in any
manner whatsoever (see the following figure) as long as (x, y) stays within
the domain of f.
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It can be shown, as for functions of a single variable, that

lim X = Xp
(X7Y)‘>(X0»y0)
lim y =y

(x.y)=(x0.0)

lim  k=k (any number k).
(x,y)=(x0.¥0)
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For example, in the first limit statement above, f(x,y) = x and L = xp.

Using the definition of limit, suppose that € > 0 is chosen. If we let §
equal this €, we see that

O<\/(x—xo)2+(y—yo)2<5:£

implies

0<y/(x—x0)?<e¢e

Ix — x| <&
[f(x,y) = x| <e
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That is,

If(x,y) —xo| < e whenever O<\/x—x0 +(y —y)? <.

So

lim f(x,y)= lim X = Xp.
P LR L St

It can also be shown that the limit of the sum of two functions is the sum
of their limits (when they both exist), with similar results for the limits of
the differences, products, constant multiples, quotients, powers and roots.
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Theorem 3 (Properties of Limits of Functions of Two
Variables).

The following rules hold if L, M, and k are real numbers and

lim f(x,y)=1L and lim x,y) = M.
(,y)—=(x0:%0) bey) (X,Y)%(Xo,yo)g( )
1. Sum Rule : lim (f(x,y) +glx,y))=L+M
(x,y)—=(x0,¥0)
2. Difference Rule : lim (f(x,y) —glx,y))=L-M
(x,y)—=(x0,¥0)
3. Product Rule : lim  (f(x,y)-g(x,y))=L-M

(X,y)—)(X(),y())
4. Constant Multiple Rule :

lim  (kf(x,y)) = kL (any number k).
()= (x0.0)
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Limits

Theorem 4 (contd...).

i o 1 f(X,y) _ L
5. Quotient Rule : (X’y)ll)r?xo’yo) 20cr) = W M +# 0
6. Power Rule : lim  [f(x,y)]" =L", nisa positive integer

(x,y)—(x0,¥0)

7. Root Rule : lim IF(x,y) = VL= LY"
(X7}’)_>(X07y0)
n is a positive integer, and if n is even, we assume that L > 0.
8. Power and Root Rules : If r and s are integers with no common

factors, and s # 0, then

lim  (f(x,y))/s=1L"/*
(x,y)—(x0,¥0)

provided L"/* is a real number. (If s is even, we assume that L > 0.)
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Informal Proof

If (x, y) is sufficiently close to (xo, yo), then f(x,y) is close to L and
g(x,y) is close to M (from the informal interpretation of limits).

It is then reasonable that f(x,y) + g(x,y) is close to

L+ M;f(x,y)— g(x,y) is close to L — M; f(x,y)g(x,y) is close to
LM; kf(x,y) is close to kL; and that f(x,y)/g(x,y) is close to L/M if
M # 0.

When we apply Theorem (3) to polynomials and rational functions, we
obtain the useful result that the limits of these functions as

(x,y) — (x0,y0) can be calculated by evaluating the functions at (xo, yo)-
The only requirement is that the rational functions be defined at (xo, yo)-

P. Sam Johnson Limits and Continuity in Higher Dimensions 17/104



Example : Calculating Limits

Find  lim Xxy_

(x)—(0,0) VX—VY

Solution : Since the denominator \/x — /y approaches 0 as

(x,y) — (0,0), we cannot use the Quotient Rule from Theorem (3). If we
multiply numerator and denominator by v/x + ,/y, however, we produce
an equivalent fraction whose limit we can find

Eoxy (= x) (VX +/y)
,y)+00)ﬁ—f () (0.0 ) (VX = VY)(WX + 1Y)
—im XEnNx+VY)
(x.¥)=(0,0) X—y
= (e Sl00) VX VY)
=0(v0++v0) =0
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We can cancel the factor (x — y) because the path y = x (along which
x —y =0) is not in the domain of the function
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Applying € — ¢ definition

When we use the definition of a limit to show that a particular limit exists,
we usually employ certain key or basic inequalities such as:

x| < VX% +y2

m
B |y| < /x2+y?

m A<l

IX2+y2<1

B x—al=+/(x—a)2</(x (y — b)?
m |y — b =+/(x—a)? S\/ —a2 (y — b)?
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Example : Applying the Limit Definition

Example 6.

. . 4xy? .. .
Find 5 y;ILn(O 3 Zy? if it exists.

Solution : We first observe that along the line x = 0, the function always
has value 0 when y # 0. Likewise, along the line y = 0, the function has
value 0 provided x # 0. So if the limit does exist as (x,y) approaches
(0,0), the value of the limit must be 0. To see if this is true, we apply the
definition of limit.

Let € > 0 be given, but arbitrary. We want to find a 4 > 0 such that

4 2
ol <& whenever 0<Vx2+y2<d
x? + y?

or

4|x|y?
2| | 5 <& whenever 0< VX2 +y? <.
X“+y
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Example (contd...)

Since y? < x% + y? we have that

4x|y?

Zty 5 < 4lx| = 4Vx2 < 4y/x2 + y2

so if we choose § = ¢/4 and let 0 < \/x2 + y2 < 4, we get

2

€
——— — 0| < 4/x2 245 =4(2) =
x2 +y2 ‘ - Xty (4)
It follows from the definition that
4 2
lim Y _
(x.y)—(0,0) X2 + y2
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Iff(x,y) = }—/, does lim f(x,y) exist?
X

(%)= (x0.0)

Solution : The domain of f does not include the y-axis, so we do not

consider any points (x, y) where x = 0 in the approach toward the origin
(0,0).

Along the x-axis, the value of the function is f(x,0) = 0 for all x # 0. So
if the limit does exist as (x,y) — (0,0), the value of the limit must be
L=0.

P. Sam Johnson Limits and Continuity in Higher Dimensions 23/104



Solution (contd...)

On the other hand, along the line y = x, the value of the function is
f(x,x) = x/x =1 for all x# 0. That is, the function f approaches the
value 1 along the line y = x. This means that for every disk of radius §
centered at (0,0), the disk will contain points (x,0) on the x-axis where
the value of the function is 0, and also points (x, x) along the line y = x
where the value of the function is 1.

So no matter how small we choose ¢ as the radius of the disk, there will
be points within the disk for which the function values differ by 1.
Therefore, the limit cannot exist because we can take ¢ to be any number
less than 1 in the limit definition and deny that L = 0 or 1, or any other
real number. The limit does not exist because we have different limiting
values along different paths approaching the point (0, 0).
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Continuity

As with functions of a single variable, continuity is defined in terms of
limits.

Definition 8 (Continuous Function of Two Variables).

A function f(x,y) is continuous at the point (xo, yo) if
1. f is defined at (xo, y0),

2. lim f(x,y) exists,
(X7Y)_)(X07y0)
3 lim f(x,y) = f(x0,y0)-

()= (x0,30)
A function is continuous if it is continuous at every point of its domain.
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Continuity

As with the definition of limit, the definition of continuity applies at
boundary points as well as interior points of the domain of f. The only
requirement is that the point (x,y) remain in the domain at all times.

As you may have guessed, one of the consequences of Theorem (3) is that
algebraic combinations of continuous functions are continuous at every
point at which all the functions involved are defined. This means that
sums, differences, products, constant multiples, quotients, and powers of
continuous functions are continuous where defined. In particular,
polynomials and rational functions of two variable are continuous at every
point at which they are defined.
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Example : A Function with a Single Point of Discontinuity

Example 9.

Show that
fx.y) = {ig;— (x,y) # (0,0)
’ 0, (x,y) = (0,0)

is continuous at every point except the origin.

0% 0| -08
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The function f is continuous at any point (x,y) # (0,0) because its
values are then given by a rational function of x and y.

At (0,0), the value of f is defined, but f, we claim, has no limit as
(x,y) — (0,0). The reason is that different paths of approach to the
origin can lead to different results, as we now see.

For every value of m, the function f has a constant value on the
punctured line y = mx, x # 0, because

F(x,y) 2xy 2x(mx) 2mx? 2m
X = —F = = = .
Pk T X2+ y2ly=mx x2+ (mx)?2 x2+ m?x2 14 m?
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Solution (contd...)

Therefore, f has this number as its limit as (x, y) approaches (0,0) along
the line:

2m
im  f(x,y)= i f = :
(X,y)T(0,0) (x.¥) (x,y)ILn(O,O) [ (x.y )‘ y—mx:| 1+ m?

along y=mx

This limit changes with each value of the slope m.

Therefore there is no single number we may call the limit of f as (x, y)
approaches the origin.

The limit fails to exist, and the function is not continuous.

P. Sam Johnson Limits and Continuity in Higher Dimensions 29/104



Examples (7) and (9) illustrate an important point about limits of
functions of two variables (or even more variables, for that matter). For a
limit to exist at a point, the limit must be the same along every approach
path.

This result is analogous to the single-variable case where both the left- and
right-sided limits had to have the same value; therefore, for functions of
two or more variables, if we ever find paths with different limits, we know
the function has no limit at the point they approach.

Two-Path Test for Nonexistence of a Limit : If a function f(x,y) has
different limits along two different paths as (x, y) approaches (xo, yo), then

lim f(x,y) does not exist.
()= (x0,0)
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For functions of a single variable, when we let x approach a, there are only
two possible directions of approach, from the left or from the right. We
know that if

lim f(x)# lim f(x)

x—a~ x—at

then limy,_,, f(x) does not exist.

For functions of two variables the situation is not as simple because we
can let (x,y) approach (a, b) from an infinite number of directions in any
manner whatsoever (see the following figure) as long as (x, y) stays within
the domain of f.

I . .
ol XV L
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The definition of limit says that the distance between f(x, y) and L can be
made arbitrarily small by making the distance from (x, y) to (xo, yo0)
sufficiently small (but not 0).

The definition refers only to the distance between (x,y) and (xo, yo). It
does not refer to the direction of approach. Therefore, if the limit exists,
then f(x,y) must approach the same limit no matter how (x,y)

approaches (xp, o). Thus if we can find two different paths of approach
along which the function f(x, y) has different limits, then it follows that

lim f(x,
(x:y) = (x0.30) (o)

does not exist.
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Two-Path Test for Nonexistence of a Limit

If a function f(x, y) has different limits along two different paths as (x, y)
approaches (xo, yo), then lim(, ), (. f (X, y) does not exist.

In other words, if f(x,y) — L1 as (x,y) — (xo, o) along a path C; and
f(x,y) = L2 as (x,y) — (X0, ¥0) along a path C,, where L1 # Ly, then

lim f(x,
(x,y)—(x0,0) (ey)

does not exist.
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Example : Applying the Two-Path Test

Example 10.

2
Show that the function f(x,y) = )W};z has no limit as (x, y)
approaches (0, 0).
The graph of f(x,y) = % Along each path y = kx? the value

of f is constant, but varies with k.
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The limit cannot be found by direct substitution, which gives the form
0/0. We examine the values of f along curves that end at (0,0). Along
the curve y = kx?, x # 0, the function has the constant value

2x2y 2x2(kx?) 2kt 2k
FOGY)ly=he = 5 ly=ke = 3 22 T o4 1ok 2
x+y x4 + (kx?) x4+ k?x 1+k
Therefore,
2k
(X,y)gn(0,0; (Xay) (x,y)li)n(0,0)[ (va)|y—kx2] 1+k2
along y=kx

This limit varies with the path of approach. If (x, y) approaches (0, 0)
along the parabola y = x2, for instance, k = 1 and the limit is 1. If (x, y)
approaches (0, 0) along the x-axis, k = 0 and the limit is 0. By the
two-path test, f has no limit as (x, y) approaches (0, 0).
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Applying the Two-Path Test : An observation

2
It can be shown that the function f(x,y) = % has limit 0 along
Xty

every path y = mx.

Having the same limit along all straight lines approaching (xo, yo)
does not imply a limit exists at (xg, yo).
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Continuity of Composites

Whenever it is correctly defined, the composite of continuous functions is
also continuous. The only requirement is that each function be continuous
where it is applied. The proof, omitted here, is similar to that for functions
of a single variable.

Definition 11.

If f is continuous at (xo, o) and g is a single-variable function continuous
at f(xo, yo), then the composite function h = g o f defined by
h(x,y) = g(f(x,y)) is continuous at (xo, yo0)-

For example, the composite functions

XY Xy

are continuous at every point (x, y).
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Functions of More Than Two Variables

The definitions of limit and continuity for functions of two variables and
the conclusions about limits and continuity for sums, products, quotients,

powers, and composites all extend to functions of three or more variables.
Functions like

ysinz

I d
n(x+y+z) an o

are continuous throughout their domains, and limits like

olxt2) ol-1 1
lim = =,
P—(1,0,-1) z2 + cos\/xy  (—1)2+cosO 2

where P denotes the point (x,y, z), may be found by direct substitution.
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Limits with Two Variables

Find the limits of the following.
. 22
@) (o) Ho0) Gz
. 2.3
(b (X,y;in(oyo) COS)%
© (X,y)—li(rln/27ﬂr3)cos v
‘ (x,y)ir(qyﬂ/ﬁ) %
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Solution for Exercise 12

im 3x? —y?+5  3(0)02—-0%+5
(y)—=(00) X2 +y2+2  02402+2

X +y? 0% +0°
b) i Y =cos0 =1,
(k) (x,y)'in(o,o)cos<x+y+1> C <o+0+1) o8

1 1
li 3 = 3 ——
() )Tz, 5V = o8 (27) s (3) 2

(d) lim xsiny_l—sin(%)_%_l
(xy)—1r/e) x2+1 1241 2 4

(a) g
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Limits of Quotients

Find the limits by rewriting the fractions first.

(@) fm XYY
(xy)—(1,1) X—Yy
x#y
(b)  lim y+4

(x.y)—>(2,—4) X2y — xy + 4x? — 4x

yE—4xAEX
V22X —y —2
() lim Y&X7Y=<
(y)=(20) 2x —y —4
2x—y#4
— v/ 1
(d) lim \/_—y+

(xy)—(43) x—y—1
x#y+1
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Solution for (a) and (b) in Exercise 13

2 _ 9 2 Y
() Gim X2ty YT g gy
(x.y)—(1,1) X—=y (xy)—=(11) X—Yy
x#y
4 4
b)  lim y+ —  lim Y+ _
(oy)—=(2,-4) X2y — xy +4x2 —4x  (xy)=(2,-4) x(x — 1)(y + 4)
yFE b xEx R
. 1 1 1
lim = = —
() —@2-4) x(x—1) 2(2-1) 2
[
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Solution for (c) and (d) in Exercise 13

(0) lim V2x—y—2 V2x—y —2
(xéy)ﬁ\g,O) 2x—y —4 2,y)~> 2,0) (vV2x — y + 2)(\/2X - )
X—y#+4 X—yF
1 11
(o)) VX —y 1 2 w/(z)(z)—o+2*2+2*4
(d) lim \F_— vy+1l _
(xy)—=(43) x—y—1
x#y+1
VXVl
(x,y)a 43) (VX T DX~y T 1)
1 1 1 1

Im = — —
(y)=@3) VX+Vy+1 VAa+/3+1 2+2 4
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Limits with Three Variables

Find the limits.

(a) P_JEg13 0)(sin2 x 4 cos? y + sec? 2)

(b) lim ze % cos2x
P—+(m,0,3)

(c) lim  Iny/x2+y2+ 22

P—(2,—3,6)
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Solution for Exercise 14

(a) _lim (sin®x4cos? y4sec? z) = (sin? 3+cos® 3)+sec?0 = 1+12 =2

P—+(3,3,0)
(b) PJéro 3 ze? cos 2x = 36?0 cos 2 = (3)(1)(1) = 3
(c) , (Ii2m36) nyx?+y2+2z2= In\/22 2462 =1InvV49 =1In7
—(&,—3,
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Continuity in the plane

At what points (x, y) in the plane are the following functions continuous?

(a) f(x,y) =sin(x+y)
(b) g(x,y) =sin

— X4y
(c) glx,y) = X2_3x12
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Solution for Exercise 15

(a) All (x,y).

(b) All (x,y) except where x =0 or y = 0.

(c) All (x,y) so that x> —3x +2 # 0= (x — 2)(x — 1) # 0.
Hence x # 2 and x # 1.
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Continuity in Space

At what points (x, y, z) in space are the following functions continuous?
(a) f(x,y,2) =x* +y*—22°
(b) h(x,y,z) = xysin %
_ 1
(c) hx,y,z) = ly[+1z]
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Solution for Exercise 16

(a) All (x,y,z).
(b) All (x,y,z) with z # 0.
(c) All (x,y,z) except (x,0,0).
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No Limit at a point

By considering different paths of approach, show that the following
functions have no limit as (x, y) — (0,0).

(a) f(x,y) = —\/f—ﬂ

v

P. Sam Johnson Limits and Continuity in Higher Dimensions 50/104



Solution for Exercise 17

()

(b

lim X I X I X
—=lm = lm ——— =
(0)—00) /2 +y x=0 VxZ4xZ  x=0 /2|
along y=x
x>0

X 1 1
x—=0 \/2x x—0 ﬁ ﬂ
li X li X I X 1
m —_—=imm--—-—-—=1mm ——-— ) = —.
(x,y)—(0,0) \/m x—0 ﬂ’x‘ x—0 ﬂ(_x) 2
along y=x
x<0
4 X4
(xy)—(0,0) X2 + ¥ x=0 x% 4 02
along y=0
im x4 i x4 i x4 1
()= (00) X2+ y2 x50 x2 + (x2)2  x=02x2 2
along y=x>
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No Limit at a point

By considering different paths of approach, show that the following
functions have no limit as (x, y) — (0, 0).
4.2

(a) Flx,y) = 525
(b) hix,y) = 2%
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Solution for Exercise 18

) 4_y2 . X4—(kX2 2 . X4_k2X4 1_k2

a) lim ——— =lim 5——F——% = lim = .

(x,y)—(0,0) x4+ _y2 x—0 x2 + (kX2)2 x—0 x4 + k2x* 1+ k2
along y=kx?

Hence we get different limits for different values of k. Thus the limit

does not exist.
) X2y ) kx* k
lim ——— =, lim = i
(x,y)—(0,0) x4 + y2 x—0 x* 4 k2x4 1+ k2
along y=kx?
Hence we get different limits for different values of k. Thus the limit

(b)

does not exist.
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Exercises

1. If  lim f(x,y) = L, must f be defined at (xo,y0)? Give reasons
(x,y)=(x0,50)
for your answer.

2. If f(x0,¥0) = 3, what can you say about

lim f(x,
(x.y)—(x0,50) (ey)

if f is continuous at (xo, yo)? If f is not continuous at (xo, yo)? Give
reasons for your answer.
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Solution for Exercise 19

(a) f may not be defined at the point. See Example 6 in the notes.

2 . .
( )lm( )Xi’_?’yz exists but the function is not defined at (0, 0).
x,y)—(0,0

(b) If f is continuous at (xp, yo), then lim f(x,y) must equal
()= (x0.y0)

f(x0,¥0) = 3. If f is not continuous at (xo, yo), the limit could have
any value different from 3, and need not even exist.
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The Sandwich Theorem

The Sandwich Theorem for functions of two variables states that if

g(x,y) < f(x,y) < h(x,y) for all (x,y) # (x0,y0) in a disk centered at
(x0, Y0) and if g and h have the same finite limit L as (x,y) — (x0,)0).
then

im flxy) =L
o)y 0Y)

Use this result to support your answers to the questions in next two
exercises (Exercises 20 and 21).
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Exercises

1. Does knowing that 1 — X—23L2 < %(X < 1 tell you anything about

1

tan™ " xy 5

lim
(x.y)—(0,0) Xy

Give reasons for your answer.
2. Does knowing that 2|xy| — % < 4 —4cos/|xy| < 2|xy| tell you

anything about
4 — 4 cos+/|xy| 5
(x.y)=(0,0) |xy| '

Give reasons for your answer.
v
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(a)

2.2
lim (17l> =land lim 1=1
(x,y)—(0,0) 3 (x,y)—(0,0)
tan—1
Hence lim an X _ 1, by the Sandwich Theorem.
(6y)—(0,0) Xy
2.2 2.2
2lxy| — (XL 2xy — (XL
If xy >0, lim M — lim M — lim  (2— Q) —
(x,¥)—(0,0) [xy] (x,5)—(0,0) xy (x,5)—(0,0) 6
2
2 and lim M = lim 2=2;
(y)=(0,0) |xy| (x,y)—(0,0)
2.2 2.2
2|xy| — (£ —2xy — (&
if xy <0, lim M - im M = lim (24 ﬁ) =
(x,y)—(0,0) |xy| (x,y)—+(0,0) —xy (x,y)—(0,0) 6
2
2 and lim M =2
(x:y)=(0,0) |xy|
4 —4 v/
Hence i 4=4cos VYL _ 5 1. the Sandwich Theorem.

m
(x,y)—(0,0) [xy|
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Exercises

1. Does knowing that |sin(1/x)| < 1 tell you anything about

. 1
lim  ysin—7
(x,y)—(0,0) X

Give reasons for your answer.

2. Does knowing that | cos(1/y)| < 1 tell you anything about

. 1
im xcos— ?
(x,y)—(0,0) y

Give reasons for your answer.
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Solution for Exercise 21

()

The limits is 0 since |sin(1) <1= -1< sin(%) <L
Hence —y < ysin(1) <y for y >0, and

—y > ysin(%) >y for y <O.

As (x,y) — (0,0), both —y and y approach 0.

Thus ysm( ) — 0, by the Sandwich Theorem.

The limit is 0 since \cos( ) <1l=n-1< cos( ) < 1.
Hence —x < xcos( ) < x for x>0, and

—x > xcos(1) > x forx<0

As (x,y) — (0,0), both —x and x approach 0.

Thus xcos(%) — 0, by the Sandwich Theorem.
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Exercises

(a) Consider the function f(x,y) = Y To find the limit of f(x,y) as

X

(x,y) — (0,0), substitute m = tan @ into the formula

2m
fey) =
(X y) y=mx 1+ m2

and simplify the result to show how the value of f varies with the
line’s angle of inclination.

(b) Use the formula you obtained in part (a) to show that the limit of f
as (x,y) — (0,0) along the line y = mx varies from —1 to 1
depending on the angle of approach.
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Solution for Exercise 22

(a) Along the line y = mx, f(x,y) = li’,"n2 = littz'r‘]fa = sin 20.

The value of f(x,y) = sin 26 varies with 6, which is the line's angle of
inclination.

(b) Since if f(x,y)|y=mx = sin 20 and since —1 <sin260 < 1 for every 6,

lim  f(x,
(x,y)—(0,0) bey)

varies from —1 to 1 along y = mx.
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Exercise

Exercise 23 (Continuous extension).

Define (0,0) in a way that extends

2 2

x* —y

f =xy L
(x,y) =xv 5 2

to be continuous at the origin.
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Solution for Exercise 23

Ixy(x* = y2)| = |xy|Ix® — y?| < [x|lyl[x® + y2| = VX2 /y?[x® + y?| <
VX 22 4 2 4 2 = (0 + )
So,

2_,,2 2+ 2\2
’Xy)(<)2<+y¥)‘ < ();243;2) =x*+y?= —(x*+y%) < 2

—y xy(x*—y?)
o S ().
X2 — 2
Hence (va;iLn(O’O) (xym) = 0 by the Sandwich Theorem, since
lim  +(x* + y?) = 0; thus, define £(0,0) = 0.
(x,y)—(0,0)
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I[terated Limits

The limits of the type

lim lim f(x,y) and lim lim f(x,y)

X—a y—}b y—>bX4)a

are called iterated limits.
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Exercise

Let

2.2

Xy

f -

(x,¥) X2y 1 (o2 — 22

for (x,y) # (0,0). Show that the iterated limits

Jim, (fimy ) and -l Jim £, )

x—0
exist, but

lim  f(x,
oo C0Y)

does not exist.
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Solution for Exercise 24

2.2 2.2
. . X . . X
lim lim Xy =0= lim lim Xy .
y—=0x—0 x2y2 + (x2 — y2)2 x—=0y—0 x2y? + (x2 — y2)?

Along the line y = mx,

. X2(mx)2 . m2x*
lim = lim ———
x—0 x2(mx)2 + (x — mx)?2 x—0 m2x* + x2(1 — m)?
m2

= lm ——————
x=0 m2 + (1 — m)2x—2

0 m#1

B 1 m=1.

Hence
x2y?

|' -z
(x,y)T(O,O) x2y2 + (x2 — y?)?

does not exist.
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I[terated Limits

There are functions f such that

lim  f(x,
(x,y)—(0,0) (o)

exists, but the iterated limit

lim lim f(x,y)

x—0y—0
does not exit.

For instance, consider the function f : R2\{(0,0)} — R defined by

1 1
f(x,y) = x sin —sin —.
X y
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Changing to Polar Coordinates

If you cannot make any headway with

lim  f(x,
et M0y )

in rectangular coordinates, try changing to polar coordinates.

Substitute x = rcosf, y = rsinf, and investigate the limit of the
resulting expression as r — 0.

In other words, try to decide whether there exists a number L satisfying
the following criterion :

Given € > 0, there exists a 6 > 0 such that for all r and 6,
rl<d = |f(r,0)—L|l<e. (2)
If such an L exists, then  lim  f(x,y) = Iir’% f(r,0) = L.
r—

(x,y)—(0,0)
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Changing to Polar Coordinates

For instance,

] X . r°cos )
lim - = lim — = lim rcos® 6§ = 0.
(xy)—(0,0) X + y r=0 r r—0

To verify the last of these equalities, we need to show that Equation (2) is
satisfied with f(r,0) = rcos®# and L = 0. That is, we need to show that
given any € > 0 there exists a 9 > 0 such that for all r and 6,

lr| <6 = |rcos’f—0|<e.
Since
Ircos® 0| = |r| |cos® 0] < |r| -1 =|r|,

the implication holds for all r and 0 if we take § = &.
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If lim f(r,0) = L, then L tbe lim f(x,y).
lim (r,0) en L may no e(ny)lin(Op) (x,y)

To prove that “our guess L" could be the limit, we should prove by € — §
definition :

given any € > 0 there exists a § > 0 such that for all r and 6,
rl<d = |f(r,0)—Ll <e.

This has been explained in the following example. It illustrates that the
limit may exist along every straight line (or ray) 6 = constant and yet fail
to exist in the broader sense.
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Changing to Polar Coordinates

Example 25.

In polar coordinates, f(x,y) = (2x%y)/(x* + y?) becomes

r cos 0 sin 260
r2 cos* 0 + sin®

f(rcos@,rsinf) =

for r # 0. If we hold 6 constant and let r — 0, the limit is 0. On the path
y = x2, however, we have rsinf = r? cos® f and

rcos @ sin 20

r? cos* 0 + (r cos? 0)?

B 2rc05295in6_ rsinf
2r2cos*  r2cos?f

f(rcos@,rsinf) =

We have already proved in Example 10 that the function

2x%y
f(x,y) = i g2
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Changing to Polar Coordinates

Example 26.

In contrast,

x2 r?cos? 6

5 5 = 3 = cos® 0
X<+ y r

takes on all values from O to 1 regardless of how small |r| is, so that
X2

l A
(xy)2(0.0) X2 + 2

does not exist. |

After changing the function to “Polar Coordinates,” if we get the value of

lim f(r,0) depending on 6, we can say that lim  f(x,y) does not
r—0 (x,y)—(0,0

exist.
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Exercises

1. Find the limit of f as (x,y) — (0,0) or show that the limit does not
exist.

3_ 2
(@) flxy) =5

(b) f(x,y) = tan~*(kel)

2. In the following exercises, define (0,0) in a way that extends f to be
continuous at the origin.

2 2.2 2
(a) Flx,y) = In(XHEr)

(b) F(x,y) = 2

X2+y2
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Solution for Exercise (1.) in 27

(a x3 — xy? - r3cos® 0 — (rcos 0)(r3sin?6) lim r(cos® 6 — cos @sin® 9)
= h =
(X y)H(O 0) x2 4 y2 e r3cos2 0 + r3sin? @ r—0 1

(b)  lim  tan~! [M] — Jim tan—1 [w] _

(x,y)—(0,0) x2 4 y? r—0 [r2|
i tan—1 [|r|(|cos0| + |sm0|)];
r—0 r2
0 inf 0 inf
if = 0% then lim tan—1 [M — lim tan—1 [M _T
r—0 r2 r 2
0 inf 0 in6
£ r 5 0 then lim tan—1 [M] — lim tan—1 [M] _T
r—0 r2 r—0 —r 2
Hence the limit is Z.

2
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Solution for Exercise (2.) in 27

(a

. 3X2 _ X2y2 + 3y2
) im In({ —————— ) =
(x,9)—(0,0) x2 +y
I|m In(3 — r? cos? fsin?0) = In 3.
Deflne f(0,0) =In3.

(b - 3xy? i (3rcos0)(r?sin? 9)

N (?:r2 cos? 0 — r? cos? 0sin? 6 + 3r2sin? 0) B
r2 -

i =1
()= (0,0) x2 +y2 10 r2

Define f(0,0) = 0.

I|m 3rcosfsin’ 6 = 0.
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Using the 6 — ¢ Definition

Exercises 28.

Each of the following exercises gives a function f(x,y) and a positive
number . In each exercise, show that there exists a 6 > 0 such that for all
(x,¥),

Vx2+y2<d = |f(x,y)—f(0,0)] <e.

(a) f(x,y) =x>+y? e=0.01
(b) f(x,y) = (x+y)/(x*+1), &=0.01
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Solution for Exercise 28

(a) Let § =0.1. Then /x2+y2<d = /x2+y2<01=x>+y?<
0.01 = [x2 4+ y2 — 0] < 0.01 = |f(x, y) — £(0,0)| < 0.01 = e.
(b) Let § =0.005. Then |x| < 6 and |y| < d = |f(x,y) — (0,0)| =

|52 — 0] = [552%] < Ix+y| < |x| +|y| < 0.005+0.005 = 0.01 =e.
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Exercises

Exercises 29.

Each of the following exercises gives a function f(x,y,z) and a positive

number . In each exercise, show that there exists a 6 > 0 such that for all
(x,y,2),

Vx2+y24+2722<d = |f(x,y,z)—f(0,0,0)| <e.
(a) f(x,y,z)=x*+y*+ 2% €=0.015

(b) f(x,y,z) = xyz, e =0.0008
(C) f(Xa.ya Z) = tan? x + tan2y - tan2 z, &=0.03.
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Solution for Exercise 29

(a) Let 6 = v/0.015. Then
VX2 4+ y2+22 <6 = |f(x,y,z) — £(0,0,0)] = [x* +y?2 + 22 - 0| =
X2+ y? + 2% = (VX2 + y2 + z2)? < (+/0.015)%2 = 0.015 = ¢.
(b) Let 0 =0.2. Then |x| < 4, |y| < 4, and |z| < 0.
Hence |f(x,y,z) — f(0,0,0)| = |xyz — 0| = |xyz| = |x||y||z| <
(0.2)° = 0.008 = «.
(c) Let § =tan"%(0.1). Then |x| < §,|y| < 6, and |z| < 6.
Hence |f(x,y,z) — f(0,0,0)| = |tan® x + tan? y +tan? z| <
|tan? x| + |tan? y| + [tan? z| = tan® x + tan? y 4 tan’ z <
tan?J + tan?§ + tan?§ = 0.01 + 0.01 + 0.01 = 0.03 = &.
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Exercises

1. Show that

f(X,y,Z):X-l-y—Z

is continuous at every point (xo, Yo, 20).

2. Show that
f(x,y,2) =x*+y*+2°

is continuous at the origin.
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Solution for Exercise 30

(b)

lim f(x,y,z) = lim (x+y—2)=

(x,¥,2)—(x0,¥0,20) (x,y,2)—(x0,¥0,20)
X0 + Yo — 20 = f(x0, Y0, 20)-
Hence f is continuous at every (xo, Yo, 20)-
lim f(x,y,z) = lim (P +y*+2%) =
(x,¥,2)—(x0,¥0,20) (x,¥,2)—(x0,¥0,20)
X5+ Y6 + 25 = f(x0, y0, 20)-
Hence f is continuous at every point(xo, o, 20)-
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Old Questions

Question 31.
Given £ = 0.015, which of the following § is/are suitable for all (x,y, z)
with \/x? + y? +z2<5 = |fx y,z) — f(0,0,0)| < &, where

f S s
(x,y,2) = X2 + y2 +22+2

The correct answers are
0.01 ; 0.005.
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Old Questions

Question 32.

Let f(x,y) = W Let A be the set over which f is not defined. Let g be defined over
R? such that g(x,y) = f(x,y), wherever f is defined. Then which of the following is/are true?
(A) If g is continuous at (1,1), then g(1,1) must be equal to 2 cos 2.
(B) If g is continuous at (1,1), then g(1,1) must be equal to 1.
(C) It is not possible to define g over A in such a way that g is continuous throughout R?.
(D) It is possible to define g over A in such a way that g is continuous throughout R?.
(E) None of the other options.

The correct answers are
If g is continuous at (1,1), then g(1,1) must be equal to 2 cos 2.

It is possible to define g over A in such a way that g is continuous throughout R2.
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Old Questions

Question 33.

Consider the function f defined by f(x,y) = %. Then

lim  f(x,y) equals:
(x,y)—(0,0)
(If you think that answer is a fraction, then write it in lowest possible
terms. That is, if you think that the answer is 5/2, then do not write
10/4, 2.5, or any other equivalent form. Similarly, if answer is -8/3, then
do not write -16/6, -2.66, or any other equivalent form.
If you think that the limit does not exist, then type: limit does not exist

Avoid putting a full stop (.) at the end of your answer.)

The correct answer is 1/4.
0.25 is a wrong answer, as per instructions given in the question.
Students should have a habit of reading instructions also.
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Old Questions

Question 34

2

. Xy . . L.
If lim ——— =0, then according to € — 6 definition of the limit,
(x,y)=(0,0) y/x2% + y? &

for a given ¢ € (0,3), we can select one or more § satisfying
0<dé<e

NI W= wIN

The correc;t answers are
0<d<es;0<d<en.
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Old Questions

Question 35.
If i Vo e ding to e — & definition of the limit
im ———— =0, then according to € — § definition of the limit,
(xy)=(0,0) \/x2 + y2
for a given € € (0,1), we can select one or more § satisfying
A) 0<d<e
B) 0<éd<e

(A)
(B)
(©)
(D)
(E)

NI W= Q=

o
N
(o9
IA
o

D
E

None of the other options.

The correclt answers are
0<d<es;0<d<en.
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Old Questions

For the given function f(x,y) = 22— and ¢ = 0.008, a positive number

~ 3+4cosx

0 satisfying the € — 0 definition for continuity at (0,0) is/are
(A) 0.08

The correct answers are
0.008 ; 0.004.
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Old Questions

Question 37.
0, ifxy—18x—4y+72=0,

The function f(x,y) = {1 -
,  otherwise

is not continuous at
(A) (4.0)

(B) (0,18)
(C) (4.18)
(D) (18,4)
(E) (18,0)
(F) (0.4)

The correct answers are
(4,0); (0,18) ; (4,18).

P. Sam Johnson Limits and Continuity in Higher Dimensions 89/104



Old Questions

Question 38.

sin(x + y

For the given function f(x,y) = |x(| AF |y|)’ X+ 11 #0,
0, x|+ 1yl =0

(A) f is continuous at the origin.

(B) f is discontinuous at the origin.

(O) lim  f(x,y) fails to exist.

(x.y)—(0,0)

O o, I =0

(E) None of the other options. )

The correct answers are

f is discontinuous at the origin ;  lim  f(x,y) fails to exist.

(x,y)—(0,0)
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Old Questions

Question 39.

. (X2+y2)3.5 ;
im(x,y)—(0,0) aiya— 1S

(A) 0
B
C
D
£

path independent.

(B)
(€)1
(D) oo
(E)

None of the other options.

The correct answers are
0 ; path independent.
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Old Questions

Question 40.
(X2+y2)1.1 ;

lim(x,y)—(00) Tty 1

(A) 0

(B) path independent

(C) 1

(D) o0

(E) None of the other options. )

The correct answers are
path independent ; oo
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Old Questions

Question 41.

Let g(x,y,z) = 2(|xy| + |z|), and let f(t) = log t?>. Also consider
A= {(x,y,2): x>+ y?+ 22 > 2}. Then which of the following is/are true
about fog?

)
)

D) f o g is continuous over A°.
)

None of the other options.

The correct answers are
f o g is not continuous over A ; f o g is not continuous over A€.
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Old Questions

Which of the following statements is/are false?

(A) If lim f(x,y)=0 and lim g(x,y) exist, then

(x.y)=(a,b) (x.y)=(a,b)

f(x,y)

(xy)=(ab) &(X, )
(B) If f(x,y) is differentiable at (xo, yo), then f.(xo, yo) and f,(xo, yo)
exist.

2x2 —y

(C) ~0.

lim ——— =
(ey)=(002) X3+ (y — 1)
(D) If f(x,y) is continuous at the origin and f(0,0) = 0, then
|f(x,y)| < /x%+ y? is true in some neighbourhood of the origin.

The correct answers are
A&D
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Old Questions

Question 43.

X+y+z
x2+y?+2z2+1
satisfying the definition of continuity at (0, 0,0) is .

and € = 0.027. A suitable 6 > 0

Let f(x,y,z) =

Answer : 0.009
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Old Questions

Which of the following statements is/are true?

(A) The slope of the tangent to the intersection of the plane y =1 and

the hemisphere z = /4 — x2 — y2 at the point (1,1,v/2) is
oz

%))

Xy3

@ iy = {5 0D

, then £ (1,1) = %.

2x%y
C lim — < =9
) oo KF Dy =12

(D) If f(x,y) is continuous at (xg, yo), then fi(xo, yo0) and f,(xo, yo) exist.
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Old Questions

Question 45.

3 3
Show that lim <ty does not exist.
(x,y)—=(0,0) X —y
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Old Questions

Question 46.

Prove or disprove that the function f defined below is differentiable at
(0,0).

F(x,y) = #yyz: (x, ) # (0,0)
| 0: (x,y) = (0,0)
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Old Questions

2 1
o Ll |
Given fix, v) = { - x
] 0

Select one or more:

X

Then
x =10
a. [ is differentiable at (0, (0.

d. None of these

b. f.(0, b) does not exist, but /(0. b) exist, where b # ().
c. [ is not differentiable at (0, ().

e. Both f,.(0, b) and 00, b) do not exist, where b # ().

The correct answers are:  is differentiable at (0, 0).

. S0 b)) does not exist, but f.(0, b) exist, where b == ().
o = = =
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Old Questions

Let fix,y) = i xy| and glx, y) = ™ T cos(2x + \""_?_\' + Z). Let ir be the unit vector along which gix, ¥} decreases most rapidly

at {(), 0). Which of the following is/are true?

Select one or more:

2i44/5)

ai=—

b. D f(0,0) = Y22

d. [ 10, () does not exist

- 2i+y5i
The correct answers are. 4 = T

. D F(0, () does not exist.
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Old Questions

The domain of f(x, ¥) =

Inix
Select one of more:
allx,:xe3o)yveR)
b {(x, ) x €(2,3)U(3, 00),y € R}
cfix,yi:xe(2.m) vy K}

diix.yvitve (2, 3wl ool

m
|
—

The correct answer is: {(x, ¥ x € (2, 3)U (3, o), v E R

[} = =
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Old Questions

Q.1. The function [(x,y) —'2;% approaches 1 as (i, y) approaches (0,0) along the path

T34

(@) v’ ==z (b) =2 (¢) y'==x (d) ==

Solution: (c)
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Old Questions

().4. Which of the following statements is/are FALSE?

< e whenever 0 < /(z — xp)* + { )<

(a) Givene = 0, there exists 4 > 0 such that | f(x, y)—L W= Yo

& il and only if lim Jleyy) = L.
(2, 9) {20

(b) Given e = 0, there exists 4 > 0 such that |f(z.y) — L| > ¢ for some point in {(z,y) : 0 <
Vi )2 + [y — vn)? < &} if and only if lim fley) # L.
[ES S EE T
(¢) Givene = 0, there exists § = O such that | f{x, y)—g(z,y)| < e whenever 0 < /(o —ax0)? + (y — o)* <
& if and only if lim fle,y) = lim gle, gl
(x y)—+{=0.u0) ()= (w010}

(d) Forsome ¢ > 0, there exists no § = 0 such that | f(x, y)—=L| < e whenever 0 < /Tx = 20)° + (¥ — y)° <
& if and only if lim ‘ff_a‘.'u) # L.
{

x )=+

Solution: (b), (¢) and {d)
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